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Objectives 

Ø To study the influence of environmental parameters on the 
vertical distribution and biomass density of phytoplankton, 
and investigate their roles in phytoplankton blooms. 



What are phytoplankton?

Ø Phytoplankton are mostly microscopic, single-celled photosynthetic 
organisms that live suspended in water.

Ø Like land plants, they take up carbon dioxide, make carbohydrates using light 
energy, and release oxygen.

https://www.ecomagazine.com/news/oceans/mapping-the-global-distribution-of-phytoplankton
https://www.whoi.edu/know-your-ocean/ocean-topics/ocean-life/phytoplankton//

https://www.ecomagazine.com/news/oceans/mapping-the-global-distribution-of-phytoplankton


Why study phytoplankton dynamics (1)?

Ø They generate about half the atmosphere’s oxygen.
Ø Phytoplankton are important primary producers of organic 

compounds. 
Ø They form the base of the food chain in the lakes, oceans 

and other aquatic ecosystems.



Why study phytoplankton dynamics (2)?-
harmful algal blooms

Ø When too many nutrients are available, phytoplankton 
may grow out of control and form harmful algal blooms.

Ø These blooms can produce extremely toxic compounds 
that have harmful effects on fish, shellfish, mammals, 
birds, and even people.



Bioluminescent phytoplankton: glow in the dark 

https://www.mainlymaldives.co.uk/bioluminescent-plankton/



Dynamics of phytoplankton 

Ø Growth of phytoplankton depends on light and nutrients. 
Ø Light penetrates from surface, and attenuated by water and
by phytoplankton (self-shading effect). 
Ø Nutrients diffuse from deep water or sediments. 
Ø Phytoplankton are mixed by turbulence (diffusion)
Ø phytoplankton sink or float or swim in the water column (advection). 

https://en.wikipedia.org/wiki/Phytoplankton



Vertical distribution of algae in the water column 
Ø The growth of phytoplankton depends on light intensity, temperature and
nutrients in the water, thus the vertical distribution of algae in the water 
column usually has a stratified structure. 



Spatial structure: water column 

Ø Epilimnion: upper portion, higher temperature, more 
sunlight, less nutrient, well-mixed 

Ø Hypolimnion: deep portion, lower temperature, less 
sunlight, more nutrient, not well-mixed 



Existing models for  phytoplankton dynamics

Ø Most models either focus on Oligotrophic ecosystems-
ample supply of light, phytoplankton only need nutrients-
or Eutrophic ecosystems-ample nutrient supply, 
phytoplankton only need light. 

Oligotrophic ecosystem Eutrophic ecosystems



Modelling phytoplankton dynamics in Oligotrophic 
aquatic ecosystems

Ø Change phytoplankton =mixing-sinking+growth-loss
Ø Nutrient change=mixing+recycling-uptake, nutrient input 

from bottom. 



Oligotrophic aquatic ecosystems : Systems of 
Equations (Hsu, 1983, SIMA)

Ø A(z, t): phytoplankton concentration, N(z, t): nutrient concentration
Ø z = 0 is the water surface, 𝑧 = 𝑧!"# is the bottom. 



Oligotrophic aquatic ecosystems: analysis 
(Hsu, 1983, SIMA)



Other nutrient-limited algae models 



Modelling phytoplankton dynamics in eutrophic 
ecosystems

Ø Eutrophic ecosystems: ample nutrient supply, 
phytoplankton only need light.

Ø [Change in phytoplankton]=[mixing]-[sinking]+[growth]-
[loss]. 



Eutrophic aquatic ecosystems:models [Shigesada-
Okubo, 1981, JMB] [Huisman et.al, 1999-2002]

Ø A(z, t): phytoplankton concentration
z = 0 is the water surface, 𝑧 = 𝑧!"# is the bottom. 



Light-limited system: analysis [Hsu-Lou, 2010, 
SIAP] [Du-Mei, 2011, Nonlinearity]

Other works: [Ishii-Takagi, 1982, JMB] [Du-Hsu, 2010, SIMA] [Mei-Zhang, 2012, JDE] 
[Du-Hsu-Lou, 2015, JDE] [Hsu-Mei-Wang, 2015, JDE] [Peng-Zhao, 2015, CVPDE] [Peng-
Zhao, 2016, JMB] [Ma-Ou, 2017, JDE] [Jiang-Lam-Lou-Wang, 2019, SIAP] 



Systems limited by both light and nutrient [Klausmeier-
Litchman, 2001, Limn. & Ocea.] [Huisman et.al., 2006, 
Nature] 

1. (Two resources are essential): F (f , g ) = min{f , g }. 
Liebig’s law of minimum: growth at the rate permitted by the most limiting 
factor
2.  (Two resources are semi-essential): F (f , g ) = f · g . 



Systems limited by both light and nutrient: analysis

[Du-Hsu, 2008, SIAM-MA] [Mei-Zhang, 2012, DCDS-B] [Mei-Zhang, 2012, JDE]



Epilimnion-hypolimnion phytoplankton model: 
hybrid PDE-ODE model (our model)



Epilimnion-hypolimnion phytoplankton model 

1. Epilimnion concentration does not depend on 𝑥 ∈ (−𝑥! , 0) because
it is usually well mixed.

2. We use multiplicative law f · g instead of min{f , g } for convenience
3. Phytoplankton can only sink from epilimnion to hypolimnion, 
not the other way. 



Steady state solutions and dynamics 



Bifurcation 



Bifurcation Diagrams 



Phytoplankton vertical distribution and density 



Phytoplankton vertical distribution and density 



Conclusion 



Thank you!


